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Some Techniques for Determining Relativistic Planetary Perturbations
in the Theories of Motion of the Major Planets

V. A. Brumberg
Institute of Applied Astronomy, St. Petersburg, Russia

Abstract Presently, the relativistic planetary perturbations in the motion of the major
planets are taken into account only implicitly in numerical integrating the equations of
motion. This paper suggests two different techniques to determine the relativistic planetary
perturbations of the first order with respect to the planetary masses as explicit functions
of time. The first technique implies the iterative solution of the planetary equations in
form of the exponential series in the mean longitudes of the planets with polynomial in
time coefficients. In such a way the relativistic planetary perturbations may be expressed
in the form compatible with the VSOPS87 solution of the Bureau des Longitudes. The
key point here is to correct properly the value of the mean longitude at the zero epoch
at each step of iterations. The second technique generalizes the general planetary theory
for the relativistic planetary problem. The solution is presented here by the exponential
series in the mean longitudes, the coefficients being the series in powers of slowly varying
elements (separation of the fast and slow variables). The behaviour of the latter elements
is governed by the autonomous secular system. This technique enables one to compute the
relativistic planetary perturbations by analytical algorithms. More specifically, the paper
presents the formulas to compute the relativistic planetary perturbations independent of
planetary eccentricities and inclinations (the intermediary) as well as the matrices of the
secular system responsible for the long—term evolution of the planetary orbits within the
general relativity framework.

1. Introduction

The present paper is aimed to give algorithms to determine relativistic planetary per-
turbations in the motion of the major planets. Until recently it was sufficient to take
into account in the planetary motions only the relativistic Schwarzschild perturbations
caused by the action of the Sun. But the permanently increasing accuracy of the plan-
etary theories demands to investigate the relativistic planetary perturbations. Presently,
such perturbations are taken into account implicitly in numerical planetary ephemerides
resulted from the numerical integration of the post—Newtonian equations of the planetary
motion. However, the presentation of these perturbations as explicit functions of time
may be of obvious interest. Semi-analytical theories of the motion of the major planets
VSOPS8T7 (Bretagnon and Francou, 1988) are based on the Newtonian planetary equations
complemented by the relativistic Schwarzschild terms alone. Therefore, the relativistic
perturbations are presented in these theories by the Schwarzschild terms proportional to
the gravitational radius of the Sun mg = GMy/c? (with the solar mass My, gravita-
tional constant G and light velocity ¢) and the indirect planetary terms proportional to
moM,; (M; — being the planetary masses) and caused by the interaction of the Newtonian
planetary perturbations and Schwarzschild terms. Our aim is to take into account the
relativistic direct planetary perturbations in the equations of motion and to determine
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eventually all relativistic terms proportional to po, the small parameters p = 1073 and
o = 10~® characterize, respectively, the smallness of the planetary masses with respect
to the mass of the Sun and the smallness of the relativistic effects in the solar system
(the ratio of the solar gravitational radius to the astronomical unit of length). The al-
gorithms developed below enable one to find these terms both in the form of the classic
planetary theories like VSOP87 (trigonometric series in multiples of the planetary mean
longitudes with time—polynomial coefficients) and in the form of the general planetary the-
ory (Brumberg, 1995) (trigonometric series in multiples of the planetary mean longitudes
with polynomial coefficients in terms of the slowly changing variables whose behaviour is
described by an autonomous secular system).

2. Relativistic equations of motion of the first order

To start with, we take the heliocentric equations of motion of N major planets (Brum-
berg, 1991)

. Z R,-R: R,
R, = — G(My + M;) 3+ZGM< i R3>+
B J#i J
+ (moAio +miAgi)Ri + (moBio + m; Boi ) Ri+

+ym [ (R; — R;) + AgjR; + Bij(R; — R;) +BOjRj] :
J#t

i,j=1,..., N, (2.1)
with

GM;

R; =x; — %o, R;; =Ri - R;j, mi = 2

(2.2)

The formally heliocentric equations (2.1) are just the differences of the barycentric equa-
tions of motion of planet ¢ and the Sun described in the relativistic harmonic reference
system (ct, x) with the barycentric coordinate time t = TCB as their argument. The
expressions of the coefficients of the right—hand members of these equations are given in
(Brumberg, 1991). The barycentric coordinates of the Sun xy may be determined from
the integral

N N
1 ,2 GM, L, GM, GM,
MR:—@ [M()(xo— g : >X0+ A_E Mi(xi — — — E — x|, (2.3)

7j=1

R being the position vector of the Newtonian center of mass of the Sun and all planets

N
1

=1



and
N

r; =X; —Xj, M:Mo-i-ZMZ (25)
i=1
Within the practically admissible accuracy of the first order with respect to the planetary
masses there results

N
1 -2 GMO
=——— > M, ;= i s 2.
MR = - > <Rz i )R (2.6)
N §N M 14+ 2 (B2 - G | g, (2.7)
M AT T TR, v '

The coefficients A;y and B,y are demanded within the first order accuracy whereas for the
coefficients A;;, B;;, Aoi and By; the zero order accuracy is sufficient. From the rigorous
expressions of these coefficients given in (Brumberg, 1991) one has within the demanded
accuracy

1 2 3 4GMO GMO
A = 4R R R R R;; R, —
IR * oz, Rl + =+
GM, GM, [ 4 7
— R, R, — = , 2.8
2R3 (RijRi)| o+ RY (Rij 2RZ~> (2:8)
1 .
Bij = 77, [4(Rwa) (Rinj)} ; (2.9)
1 3 5G M,
L= R.R, : 2.1
Ao R§[2R +2Rz( )2+ i ] (2.10)
3 .
By = ﬁ(RiRi), (2.11)

1 -2 G My GM,;
AiOZR_f’ (—Ri+4 R, + 2(Ri%o) + 5 R, )+

1 7 1 1R;R; 4 7 1
GM, ! Sy _ ! (212
* ; j (zzg»zzj Tene iR T W, 2 R?Rij) (2.12)

1

Bip = i3]

[4(R R;) + (Rixo)]| - (2.13)
The right-hand members of equations (2.1) contain two small dimensionless parameters

p=10"%,  o=10"5. (2.14)



The first parameter is to characterize the smallness of the planetary masses with respect
to the mass of the Sun. Together with the parameter p one makes use of N x N matrix
k = ||k(i,7)|| with the elements

M; M;

My = it 2.15
Mo MG = ST i # j (2.15)

MR =

Parameter o is to characterize the smallness of the relativistic effects in the solar system.
Introducing a characteristic length A (nearly equivalent to the astronomical unit of length)

one has
~ GM,
c2A
The employed below the semi—major axes of the planetary orbits a; are determined from
the observed values of the mean motions n; by means of the third Kepler law

(2.16)

n?a; = G(My + M;) . (2.17)

The coefficients (2.13) and (2.14) may be now rewritten as follows:

Ao = Ajg + pdy, Bio = Bjy + uBjy (2.18)
with 5 3
1 . 2 n;a;
Ajp = iz (—Ri + 4—Ri >, (2.19)
/ 4 >
By = ﬁ(RiRi)y (2.20)

Kiq - 2 GM, RZ .
A:O :ﬁ (_2Rz + O) —2— Z/{ijj-i-

71 IRR; 4 T 1
; . _ .22
e, ; i (R3R ToRE 2 RR T BR, 2 R;’Rij> (221)

. RR;, R,
By = —Kjj—et 73 Z kiR (2.22)

MEC

Needless to say, in using the Newtonian value for xy the quantity M is replaced herewith
by My within the first order accuracy. In virtue of (2.17) the coefficient (2.19) depends
implicitly on M;. The splitting (2.18) into two parts is somewhat arbitrary. The specific
expressions (2.19) and (2.21) are chosen for the sake of convenience. The initial equations
(2.1) take now the form

R,=F;,, F,=F+F)+FY+FY (2.23)
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with Keplerian terms

Fi = —nfaf’% , (2.24)
Newtonian perturbing terms
FEV) =n? MZKU (R ”Ri - %), (2.25)
J#i 1 J
relativistic Schwarzschild terms
FY = 6 A(A) R, + BjyRy) (2.26)

and relativistic planetary perturbing terms
1230 :,MA{ (A% + kizAo))Ri + (B + ki Bor) R+

Z Rjj |: 1] R R ) + AOjR]' + Bij (Rl - R]) + BOjRj:| } . (227)
JFi

On a matter of concern, the first order relativistic planetary perturbations proportional to
o are due to the direct perturbing terms F( " in the right—hand members of the equations

of motion and to the interaction of perturbations caused by the terms Fg\i,) and Fg). Clearly,
to determine these perturbations one may use a variety of the theory of perturbations
(4)

techniques. If the solution of the equations (2.23) for F);’ = 0 is known, e.g. in form of the

VSOP solution, then one can add to this solution the perturbations due to Fg) by means
of the iteration procedure of the next section. On the other hand, it seems reasonable
to investigate these perturbations in a more sophisticated manner extending the general
planetary theory (Brumberg, 1995) for relativistic equations (2.23). This technique is

exposed starting with the section 4.

3. Iterative solution of the perturbed two—body problem
The initial equations of the perturbed two—body problem are of the form

GMz

T+
r3

=X (3.1)

in combination with two similar equations for the coordinates y and z (with the right—hand
members Y and Z, respectively). Performing the transformation

x+iy=a(l—p)expil, Z=aw, (3.2)

with
A=nt+e, n?a® = GM , (3.3)



one gets the new equations

3
p+2inp—on*(p+q) =n°P, (3.4)
W+ n*w = n*W (3.5)

with the right—-hand members

P==Stra+ (5-1)1-p - (X +iY)ep-i), (36)
W:—(i—z—1>w+%z, (3.7)

with ¢ = p. Here and below the bar means a complex conjugate quantity. These equations
can be solved by iterations as described in section 7.2 of (Brumberg, 1995). Indeed, if some
approximate solution of the equations (3.4) and (3.5) is substituted into the right—hand
members of these equations then a more accurate solution can be found by quadratures
resulted from the iterative equations

p:inE exp(—iA)/(?)P’L — PT)expi)dt+

1 _
+ZexpiA/(BP*—Pﬂexp(—iA)dt—Q/P*dt}—

_ 1
—gn? //(P+—P+)dtdt—§P*+15, (3.8)
1
w=g in{exp(—i)\) /Wexpi)\dt—expi)\/WeXp(—iA)dt] + . (3.9)

Here P* stands for the constant (not dependent on time) part of P, so that
P =P +Pt. (3.10)

The derivatives p and w are determined by

p =n? E exp(—1iA) /(?)PJr — P expidt—

1 _ _ .
- Zexpi)\/(?)PJr — P exp(—i\) df — g/(P+—P+)dt] +5, (3.11)
1 .
W= §n2 [exp(—i)\)/Wexpi)\dt+expi)\/Wexp(—i>\) dt} +w. (3.12)

6



The functions p, W, p and w represent the general solution of the homogeneous equations
related to (3.4) and (3.5). This general solution is described by the expressions

p=Aexpi\ —3Aexp(—i)) +in(B+3Ct) —2C, (3.13)
w= Dexpi)+ Dexp(—il), (3.14)
p=in[Aexpi)+34exp(—iA)+3C], (3.15)
w=in[DexpiX— Dexp(—il)]. (3.16)

Here A and D are complex arbitrary constants, B and C are real constants. In the
expressions of p, @, p and w the constants B and C' are annulled. The constants A and D
together with the constants n and € present a full set of six real arbitrary constants in the
solution of the equations (3.4) and (3.5). The meaning of the constants A and D is evident
from the initial terms of their expressions in terms of the traditional Kepler elements e, i,

m, §
1 1
A= —§eexp(—i7r)> D=—§ i siniexp(—i€2). (3.17)

Performing iterations by means of (3.8) and (3.9) is possible provided that the constant
part P* of P is real, i.e.

(P*)=0. (3.18)
Let’s consider new equations
f+Gﬁf:X’ (3.19)
with the right-hand members
X'=X+6X. (3.20)

In case of the VSOP solution the right-hand members X involve the Newtonian plan-
etary perturbations and Schwarzschild terms whereas the additive right—-hand members
0X represent the relativistic planetary disturbing terms. Similar to (3.2) and (3.3) the
transformation of the variables

' +iy =a(l—p)expil, 7 =aw', (3.21)

with
N=nt+¢e, (3.22)

results in new equations

3
B +2inp’ = Sn*(p' +q) =n*P’, (3.23)
W'+ n*w' = n*W’ (3.24)
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with the right—hand members

3 3 1
P = —§(p/ +4q)+ (% — 1) (1—p)— %(X' +iY")exp(—i\), (3.25)
3
o a ’ 1 /

The mean motion n is always regarded as an observed quantity, its value being independent
of the perturbations taken into account. On the contrary, &’ # € in the general case. The
functions p’, w’ and ¢’are considered as the new variables. Putting

p=p+dp, w=w+dw, & =c+dc, N=A+5\, O6\=0¢, (3.27)
one gets the equations to determine dp and dw
op + 2indp — %n2((5p +dq) = n?P, (3.28)
510 + now = n26W (3.29)
with the right-hand members
SP=P - P, W =W -w. (3.30)

The value of de remains arbitrary so far. To begin iterations, the right-hand member §P
is to be computed with de = 0. Then the quantity de is chosen to provide vanishing of the
imaginary part of the constant term of this right—-hand member i.e.

I(6P*) = 0. (3.31)

As seen from the structure of the right—-hand member it is always possible. Indeed, from
(3.2) and (3.21) there results

r? =a? [(1-p)(1—q) +w?], (3.32)
2 = [(1 (1= ¢+ w'ﬂ . (3.33)
It is easy to find ,
(- @
S = (g)Q [(1—q)dp+ (1 — p)dg — 2wéw — 6pdq — (5w)?] (3.34)
and \ , o /3
(5) =(%) a+m, T=(-8" 1= (g)): sk (33)



One has therefore

5P = — §(5p+5q) +(1-p) (g)BT— {(9)3 1+7T) - 1} Sp—

%(X 1Y) exp(—i M) exp(—iA) — 1]—

1

—-(0X +16Y) exp(~iX), (3.36)
SW = —w (g)ST— [(g>3(1+T)—1}5w+%62. (3.37)

Thus, if the condition (3.31) is not fulfilled under ée = 0 then one should determine de
from (3.36) to satisfy this condition. At the first step of iterations

OP = _—(5X +idY)exp(—i\) + L()( +iY)exp(—il)ide. (3.38)

n2a

Therefore, the initial value for de should be

—n?aS(P*) + S{(0X +16Y) eXp(—l)\)}
R{ X—i—lY)exp(—l)\)}

de = , (3.39)

the asterisk denoting the constant part of the quantity in braces. The iterations exposed
above are applied to the equations (3.28) and (3.29). In the process of iterations the value
of e may be improved, if necessary.The first term in the numerator of (3.39) is not needed
if the initial approximate solution of the equations (3.4) and (3.5) satisfies the condition
(3.18). On the other hand, the correction (3.39) with 6X = 0Y = 0 provides the validity
of the condition (3.18) for the initial solution.

In performing the iterations of the present section to determine the relativistic plane-
tary perturbations within the VSOP solution one has to deal with polynomial-exponential
series of the type

S = ZSk )expi(kA), (3.40)

where k is a multi-index k = (k1,...,kx), A being a vector with components Aq,..., Ay
and (kM) = k1 A1 + - -+ + knAn. The coefficients S (t) are polynomials in ¢ with complex
coefficients. The polynomial structure of these coefficients is related to the secular motions
of the perihelia and nodes of the planetary orbits. The further sections of the present paper
deal with the problem of the relativistic planetary perturbations within the framework of
the general planetary theory.



4. Relativistic general planetary theory

The initial variables of the general planetary theory (GPT) (Brumberg, 1995) result
from the transformation of the planetary heliocentric rectangular coordinates x;, y;, z; and
velocity components z;, v;, 2; as follows:

x; +iy; = a;(1 — p;)expil;, 2 = a;w; , (4.1)
i‘i + 1yl = a; [—pl + ini(l — pz)] expi)\i N Z"Z' = CLi’li}i 5 (42)
with

The new equations of motion are

3
Pi +21in;p; — 5”?(2%‘ + ) =n;P;, (4.4)

The right—-hand members P; and W, are related to the initial components X;, Y;, Z; of
the disturbing accelerations Fg\i,) + Fg) + F%) by means of (3.6) and (3.7) with attributing
index ¢ to all variables. The first step in GPT is to find an intermediary, i.e. a particular
planar quasi—periodic solution

Di = pz(-o) , w; =0, (4.6)

not dependent on the eccentricities and inclinations of the planetary orbits. This solution is
presented by the trigonometric series in multiples of the differences of the mean longitudes
A; with the coefficients dependent on the mean motions n; and the major semi—axes a;
and expanded in powers of the small parameters pu and o. Putting

pi = p§°> + dp; (4.7)

and separating explicitly the terms linear in the eccentricities and inclinations one has

N
. R ,
P, = Pz‘( ) _ E (Kij(spj + Lijéqj — EK’{jépj + EL%(S%) + Pi (4.8)
Jj=1
and
a 1
WZ‘Z—E M, = —— M b, Wi, 4.9
j:1( ]wJ inj zyw]) + 1 ( )

N still standing for the number of the planets. The coefficients K;j, Lij, M;;, Ki;, L,
M{j are functions of intermediary starting with the first order terms with respect to the

parameters p and o. The functions P and W/ are at least of the second order of smallness
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with respect to the eccentricities and inclinations. The new equations of motion may be
described in the form

N
3 3
0p; + Qiniépi-l-n? Z |:(—§51] + Kij)(SPj + <_§5ij + Lz’j)&]j—

j=1
= L Kep + L8, | =n2Pr (4.10)
inj 1) J inj 1) J 171
and
il 1
. 2 ! . 2 *
: 2 8 Mz) — — M!ab;| = n*W; 4.11
w +nz J_Zl{( J+ i) Wj in, ij]‘| ng Wi ( )
or in the matrix form
V=AV + B (4.12)

with block matrices

Vv’ A0 B’
VZ(V”)’ A:<0 A//)a BZ(B”)’ (4'13)

where
op 0
0q w 0 0 )
V' = Y, V= . ), B = , B’ = 4.14
aq N2 P+
and
Al = ( 0 E ) . (4.15)
—N2(E+M) _iNQM/N—l

As for 4 x 4 block matrix A’ is concerned, it contains 6 zero and 2 diagonal unit blocks
A=A =Aiu=A = A=A =0, Ai3=Au=FE
as well as following blocks in the third line
3
Az = N? (§E—K>, Azs = —iN (2E+ NK'N7Y),

(4.16)

A32:N2 <§E—L>, A34:iN2L/N_1.

The elements of the fourth line are obtained from these elements by complex conjugation
Ay =Asy, A=Az, A=A, Au=As.
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Here E stands for N x N unit matrix, A" is N x N diagonal matrix of the mean motions, dp,
oq, w, op, 6q, w, P* and W* are N—vectors of the corresponding variables and right—hand
members, the bar denotes as before a complex conjugate quantity. K, L, M, K', L' and

M’ are N x N matrices of the coefficients K;;, Lij, M;j, Ki;, Li; and M;;, respectively,
with M = M and M' = —M".
In accordance with the GPT technique the transformation
V=JX, X=J'v, (4.17)
with the matrix J of the same block structure as A
2 1 3
E —-3FE —3E 3$E
2 3 1
—E -3F 3B 3P E E
J = . . g = , (4.18)
0 iN —IN 3N IV —iN

0 —iN 3PN IN
sE —3E —iNTD —iNT!

_ _ 3ipar—1  _3ipr—1 1 1A7/—1
sp 3p lnt sy 1g iy
—%E —%E %N—l —%N‘l
and new variables ¢
Ui
u = _
X = m ’ 52_57 n=mn, (420)
v
v
reduces the system (4.12) to the quasi-Jordan form
X =iN [(P+Q)X +R] (4.21)
with a constant Jordan matrix
0O F 0 O 0 0
0 0 0 O 0 0
0 0 E O 0 0
P= 0o 0 0-E 0 0 |’ (422)
0 0 0 O E 0
0 0 0 O 0 —F
the right—hand members
R=—-iN"'J'B (4.23)
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and quasi—periodic matrix

Q=—iNTJTAT-P. (4.24)
The diagonal matrix N in (4.21), (4.23) and (4.24) is to be treated as a block—factor. The
quantities X = || X,|| and R = |Rs|| (k = 1,2, ... ,6) represent the block vectors where
each block is a N—vector of the corresponding variables
Xlzf, X2:1’], X3:u, X5:’U (425)
and _
Ry =—(P*+P*),  Rs=3(P*-3P"),
i (4.26)
Ry=3(P*—P*), Ry=—iW*
One has therewith
Xl = —Xl, XQ = XQ, Xy = Xg, X6 = X5 (427)
and
Rl = Rl, RQ = —RQ, R, = —Rg, Rg = —R5 . (428)
The matrices P = ||Px,|| and Q = ||Qrv|| (k, v = 1,2, ...,6) are composed by square

blocks, all of which representing N x N matrix. P is a constant Jordan matrix with
non—zero blocks

P12 = P33 = Ps5 = E, Pis=Pes = — L. (429)

Q is a quasi—periodic matrix consisting of 36 square blocks. 16 blocks with indices (&, 5),
(k,6), (5,k) and(6, k) for k = 1,2,3,4 are zero blocks. 12 essential blocks have the values

Qu=K-L-K+1L,
Qu=-2(K+L+K+L)—(K'+L +K' +L'),
Q21 =32(-K+L—-K+1L),

Qr=K+L-K-L+3K+L -K -L,

Q3= 3(-K +3L+3K — L)+ 3(K'+3L' +3K' + L'),

Qo3 =3(K—3L+3K—-L)+3(—-K'—3L' +3K'+ L),

Qs1 = (=K + L — 3K +3L), (4.30)
Qs2=+(K+L—-3K—-3L)+ 5(K'+ L' —3K'-3L’),

Q33 = 2(K —3L+9K —3L) + {(-K' — 3L + 9K’ + 3L"),

Q31 =L(-3K+L-3K+9L)+ 1(-3K' — L' + 3K’ +9L'),
Q55:%(M M)

Q56:%(M+M)
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The remaining 8 blocks satisfy the conjugation conditions

Q14 = Q137 Q24 = _Q23; Q41 = QSl ) C\:)42 = _QBZ )

_ . . ) (4.31)
Q43 = _Q347 Q44 = _Q337 Q65 = _Q567 Q66 = _Q55 .

The equations (4.21) have the same form as in the Newtonian GPT and all subsequent
steps may be performed just as in the Newtonian case (Brumberg, 1995). For our purposes
it is sufficient to consider only the intermediary and the secular system in the linear (with
respect to the eccentricities and inclinations) approximation.

5. Right-hand members of the equations of motion

Originally, the right-hand members (4.4) and (4.5) are represented by the series

P=Pi+puPi+oP;+uopP;+... (5.1)
00 10 01 11
and
Wi=Wi+puWi+oW;+puoW;+.... (5.2)
00 10 01 11

The free terms and the coefficients in p of these series are given in different forms in
(Brumberg. 1995). The Schwarzschild and relativistic planetary terms are

A
Pi=—— {Aéo(l —pi) +iniBjy (1 —Dbi— .p )] ’ (5-3)
01 n; 17
A, o
01 ;

(3

A
Pi=- F{(A:O + ki Aoi) (1 — pi) +1ini (Bjy + K4 Boi) (1 —pi— L )+

5 ini
a; _
+) Ky [Aij(l —pi) + (Aoj — Aij)ﬁ(l —pj)Gi; '+
i '

. i . aj i\ -
—|— 1niBij (1 — P; — _p ) + lnj(B()j — Bw)a—J (1 —pj — p—j>czjl:| } (55)

11 i 1In;

and

11 ni

A

+ Z Kjj [A”wz + wa, + (AOj — A”)Z—J’U}J + (BOj — BZJ)Z—JIUJ:| }, (56)
J#i ' ’
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with

Cij = exp 1()\2 — )\J) . (57)
Separating the intermediate solution (4.6) and substituting (4.7) one gets each of the
given above coefficients A and B as the sum of the part A© or B(®) dependent only on
the intermediary and the part 0A or 6 B dependent on the eccentricities and inclinations.

This paper treats any relativistic terms only within the first power with respect to the
eccentricities and inclinations. In result, the expressions (5.3)—(5.6) take the form

A -(0)
Pi=—— [A;E)O) (1 (0)) + 1nzB/(O) ( pEO) pl )‘
01 n; i n;

— AV sp; —in; B/ (5 4 O ) + (1 <0))5A’
11y

-(0)
+ mi(1 _p® P )53;0}, (5.8)
in;
A
W= (A'(O) w; + B;go)wz) . (5.9)
01 n

i

Al *
LT w {A V) A+ g (B Y “zzB(()?)>

11 i

S CrRR ) L T R [ R
17
+ 6Az0 + KzzéAOi + inz‘ (53:0 + /-c,-iéBOi> +

+ Z Kjj {Ag?) + iniBi(]Q) + <A(()O) A(O)) ng +in;x
JFi

(0) O\ -1 (0) . (0) 0D;
x (BY) - B )a—i = A96p, —in,BE ((5pi-|- i_>_

a; op;
_ (A(()O) A(O)) . nglépJ — 171] (Bég) - Bz(;))) a_J.Cijl (5]93' + #)—i_
i J

. a.; -1 CL
+ 04y +indBy + ¢ (5A0j—5,4 )+m]ag (530] 5Bij)”,(5.10)

(2

W, = %{ (A*(O) + MA“”) w; + (B 4 /-iuB(O)> i

11 i
(0) (0) ; ©) _ 40 0 _ p®)% .
+ ky [Aij w; + By ; + (AOJ. — Al )a - (B — B )a—iwj} }.(5.11)

J#i ‘
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All the coefficients in the two last expressions (5.10) and (5.11) are needed only in the
circular motion approximation (p; = ¢; = w; = 0).
Within the demanded accuracy one gets

2 27 in;

in;

() .(0)
15 15
AW = (3+ Do Do b 4 ) (5.12)
a; 2 2 in; in;
(0) (0)
15 93 63 35 14
SA _ni[(15, 93 ©) 4 22,0 op;
0 g, l(? IR +4ql +21nz 2in, pit
-(0) (0)
15 63 o) 93 0y  1p; 3q
2022000 L T2 0 2P 5
+(2+4p1 4 T T2 ) 0N
() (0)
3 1 4]
+(1+ Spl0 4 g 4 L )pl =

0)

1 (0) 3 o) p 5q

1+ = + —q; - 5.13
2P 9 in; ’ ( )

0 2 /.0 0
B{-é)z—a (5" + )>, (5.14)

211
0Bjy = — — { (3]3(0) + qz(O))épi
a; | 2

(2

2( © 4 349 ) s+

3 3
+ (1 +5n 2q(°))5m + (1 + 2p(°> + 2q§°’>6qg} (5.15)

As mentioned above, all other coefficients are needed only within the circular motion
approximation. Besides, one may make no difference between k;; and k;; and apply the

third Kepler law in its simplified form n?a? = nj aj Taking all this into account, one finds
" n 1 a; ni _
AléO) K)u + n; Z Kjj |: <1 - _> (C@] + Czjl)+
j#i 9 "

7a2 4 T(a;\’ 1
S A 5.16
+2a33+Aij 2<%‘> Az’y}’ (5.16)

0) _ o1

Ay =3 —, (5.17)
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*(0
Bzo() 242 Z”%J”]CLJ Gij — ng )> (5.19)

U i
B =o, (5.20)
0 ia;a; (3
B = L (5”3’ )(gw &), (5.21)
ij

with A;; denoting the mutual distance between planets ¢ and j (for complanar circular
orbits). The terms of the first power in eccentricities and inclinations are

2 5 i 5 i 3 i (5 'i 5 .i
§Ag = (95pz+95q1—|—2 L i ) §Bo; = —i-“—(_p + > (5.22)
a; in; in; 2a; \ in; iny
0p; 0q;
0 A% =A001 0pi + Aiooz2 ¢ + Aioos - z + Azoo4 e -+
5293 5@]’
+ Z i051 0p; + Aioj2 0q; + AZO]?) + Aioja ) (5.23)
J# J
op; 0q;
5"41] _Azj()l 5pz + AngQ 5% + AZ_]OS + Ang4 Ty —+
5}%‘ dq;
+ Aijj10pj + Aijj20q; + Aijjs — + Aijja —= (5.24)
lTLj 17’L]'

with similar expressions for d B}, and 0B;;. The coefficients of these expansions resulting
from the general expressions for A}, B},, A;; and B;; are given in the Appendix 1.

6. Construction of the intermediate solution

At each step of constructing the intermediate solution the right-hand member of
equation (4.4) is presented by a series

(O) Z P,E 2 expi(kA), (6.1)
k being a N multi-index with
(kA) =Fkihi+...+knvAN,  kit+hk+...+ky=0. (6.2)

After integration the intermediate solution is presented in the same form with the coeffi-
cients

i o [(kn)? = 2ni(kn) + §n2] P — §n2PL)

o’ [ng - (lm)z] (6.3)
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The intermediate solution is expanded therewith in powers of u and o
(0)_upz—|—apz+uap +. (6.4)

From (5.8), (5.12) and (6.3) it is seen that within the first order in o the only relativistic
contribution into the intermediate solution is presented by the constant term

A
g)li = (6.5)
The intermediary solution (6.4) with (6.5) is substituted into the right-hand members
(5.1) and (5.2) to re-order terms in powers of 1 and o. More specifically, the right—-hand

members of the equations for the intermediary are presented in the form

P = uPP + 0P 4 poP + ..., (6.6)
P1((Z)) = Z ’%7»[’(()%]0000 ) (6.7)
JFi
i A
Py = -3=, (6.8)

i

! ij ij a; | (ij ai | (ij
Py 0 [Z Kij ( 5030)000 + 80000 + ;wéoj1)ooo + ;wc()ojo)mo) -
C L J J
3 . 1 .
-3p;—349;, — —DP; — q;

10 10 1M 10 in;1o

n;

Al
- 2{‘4 7+ madp

tin <B*<o> . szé?)) +3 kg [Ag;“ +in B+
J#

+ (A(()O) A(0)> Cm +1in; (B((JO) B(0)>a ¢ }} (6.9)

with values (5.16)—(5.21). Again one may make no difference here between x;; and ;.

Various expressions for occurring here functions wklrsmt are given in (Brumberg, 1995).
These functions are expanded in the Fourier series

@)= 32 plsremige, (6.10)

O=—00

the coefficients may be easily computed by means of the hypergeometric series. These

coefficients may be also expressed in terms of the Laplace symmetric coefficients c( )(ai, a;),
defined as the Fourier coefficients of the expansion
1 o0
A =5 D) alana), o = (6.11)
o=—00
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and represented, e.g., with the aid of the hypergeometric functions

1 (3) .
2@ (g o) = 2l o+ (ﬁ n 2)
5 (a,a’) o002 7T PS8+ o], 14+ |o],a%), (6.12)

with
_ min{e,d’} (6.13)
max{a,a’}
In particular,
Z Kij Z p(”) ’ (6.14)

JF£i o=—00

with coeflicients

i 1 (i
péj) _ _§¢é],000000) ’ (6.15)
y m2; 3 3 ;000000
pld) = Wj_ﬁ) [( — 20m;; + o™i J>¢§J’000000) Qm?jtb(_z,’ ', (6.16)
ij
with n;
i Ty
and
2
i 1 o 1
¢c(7”7000000) - (Z_> R 2 @; Z(% )(aiaaj) QGZCLJC; o )(ai?aj)' (6.18)
j
Besides,
o) (i95100000) _ 4 (J)(ai,aj), (6.19)
1 - 1 o
g0 = 1B+ 20)alcs” (ai, a5) - 5 (L +o)ajajed o (ai,a;), (6.20)
2
pGi:001000) Ll s L 2a;¢S M (az, ay) (6.21)
o - 2 a; o,—1 4 7¢3 ty Yy ) .

2
P 3(a; 1 o 1
g (193000100) 3 <a—z> 0o —1 — 50@?0& )(ai,aj) 4(1 —20)a; ajcg o )(ai,aj). (6.22)
j

Thus all functions occurring in (6.6) become known. It enables one to find the expansion
(6.1). After integrating by means of (6.3) one finds in the same form the relativistic plan-
etary perturbations not dependent on the eccentricities and inclinations of the planetary
orbits.

7. Construction of the secular system

In accordance with the GPT technique (Brumberg, 1955) the system (4.21) is trans-
formed by means of
X=(E+9)Y +I'(Y,t) (7.1)
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to the system .
Y =iN[HY + F(Y,t)] (7.2)

with the blocks Y7 = Y5 = 0. The matrix S is found by iterations with respect to y and o
from the system

G=QE+S)-NTSNG*, (7.3)
G=G"+GT, (7.4)
S +i(SNP - NPS) =iNGT, (7.5|

with the initial approximation S = 0. The splitting (7.4) is performed to ensure the
integration of (7.5) without secular terms. It means that the only non-zero blocks of
matrix G* may be

G, = (Guv), k,v=12 (7.6)

and _
Gi3 =D (D 'G33D)D™ 1, Gy = —Gis,
) (7.7)
Gis =D(D 'GssD)D™ !, Gie = —Gis,

where the angle brackets means the mean value of the corresponding function and the
diagonal matrix D is composed of the elements expi); (i = 1,2, ..., N). By determining
the matrices S and G one gets the matrix of the linear part of the system (7.2)

H=P+G". (7.8)

The quasi—periodic terms linear in the eccentricities and inclinations are determined by
the matrix relations

1 _

5p=<—§E+C>Y3+<2E+d>Y3+..., (79)
w=(E+)Ys+(E+f)Ys+..., (7.10)

with 5 ) 3
c= 513 — 5523 — 5533 + 55’34 , (7.11)

_ 2~ 3 - 1
d=—-513— 5523 + 5533 - 5534, (7.12)
f = S55+ Ss6.- (7.13)

For the sake of completeness let us remind that the non-linear terms I' are found by
iterations from the system

U=R+Ql - N 'TyNG*Y —N S +Ty)NU*, (7.14)
U=U"+U", (7.15)
[y +i(CyNPY —NPT) =iNUT (7.16)
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with initial value U = R. The splitting (7.15) is performed to ensure the integration of
(7.16) without secular terms. Introducing the final set of variables Z with Z; = Z, = 0,

Ys =DZs, Ys=DZs, Zy=225, Zs= s (7.17)

and substituting (7.17) into U = U(Y,t) one gets a new function

V(Z,t)=U(Y,t), (7.18)
together with
U: = (V.(Z,t)), k=12 (7.19)
and _
U; = D(D™'Va(Z,t)), Ui =-Us,
- (7.20)
Uz =D (D 'Vs(Z,t)), U;=-Uj,
with averaging over explicitly presented ¢. Having determined I' and U one gets
F=U". (7.21)

In GPT the condition Us = 0 is fulfilled by itself. The first two equations (7.16) for I'y
and I'; may be integrated with total functions U; and U in their right-hand members
provided that the term —U; is added to I's. It means, actually, that in (7.14) one may
put Uy =U; = 0. It follows from this that F; = F5 = 0. Thus the final transformation
(7.17) reduces (7.2) to the secular system

_ - (7.22)
B=iN[BB+ ¥(a,a,B,5)]
with a = Zg, ﬁ = Z5,
A= (D 'Gs3D), B= (D 'GssD), (7.23)
® = (D 'V3(Z,1)), U = (D" Vs5(Z,t)) . (7.24)
The secular matrices are expanded in powers of 1 and o
A=pA+cA+pocA+...,
10 01 11
(7.25)

B=uB+ocB+uwoB+....
10 01 11

All matrices K, L, M, K', L', M’ as well as the blocks of the matrix ) are expanded
in the same manner. All quantities of the first power in p known from the Newtonian
GPT are given in various forms in (Brumberg, 1995). In the Schwarzschild approximation
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responsible for the terms of the first power in o the matrices M and M’ are zero whereas
the matrices K, L, K', L' are diagonal matrices with the elements

A
Kii=Li=—K4=3L"y=3—. (7.26)
01 01 01 01 .

K3

Hence, 12 essential blocks (4.30) of the matrix @) present in the Schwarzschild approxima-
tion the diagonal matrices with the elements

gn[i,i] = gm[i,i] = 322[2}2'] = g:ﬂ[i,i] = 5%55[2}1'] = g%[i’i] =0,

. A . A . A

g12[za7’] = _4?1 ) 313[257’] = 2_1 ) gZB[ZJ] = _6;1 ) (727)
. A . A . A

Qs2li, ] = —2? ) Q33[i, ] = —3? ; Qz4li,i] =5—.

One may easily find from (7.5) the diagonal matrices S, with the elements
01
S11[i, 3] = S12li, 1] = S21[i,i] = Sa2li, 1] = S31[i,i] =0,
01 01 01 01 01

. A . A . A
651’13[%2] = _4_7 (§23[sz] = _6_7 (§32[Zvl] =2— (728)

a; a; a; ’

. 5 A . .
534[Z;Z] = _5 ) 555[27,4 = 556[272] =0.
01 01

a; 01

There results

. A . A
Gioli, i) = —4; ) Gisli,i] = —3; . (7.29)

Therefore, in the expansions (7.25) matrix A is equal to G453 and B = 0. Since
01 01 01

ap =egexp(—img) + ..., Br = sinigexp(—iQk) + ... (7.30)

(the relationships between the elements «y, , B, and Kepler elements ey, , iy , 7y , ) are given
in more detail in Brumberg, 1995) it is easy to see that the frequencies

A
vi =30—n; (7.31)

a;

determine the Schwarzschild advances of the planetary perihelia (neglecting the squares of
the eccentricities).

It is interesting to compare the solution (7.28) with the traditional solution of the
Schwarzschild problem. The orbital coordinates in the Schwarzschild problem

r+iy=rexpiu (7.32)
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within the terms of the first power in the eccentricities are determined by the expressions
(Brumberg, 1991)

EZI—T—(1—2@)6(308()\—71')—{—..., (7.33)
a a a
u=MA+2esin(A—m)+.... (7.34)
Here . m
A=n, T =3—n, (7.35)
a

m being the gravitational radius of the central body, n and a being related by the third
Kepler law. Rewriting (7.32) in the form (3.2), one gets

3

p= % +e(—% +0- %) expi(\ — 7) —|—e(—§ —2%) exp[—iA—m)]+.... (7.36)

On the other hand, with the aid of (7.11), (7.12) and (7.28) one gets

154 1 A _
001[%@] _ZSa_Z 5 85:33[’6 i, ﬁ[lal] = 3Z7a_z - ; 533[Z . (7.37)
Considering the structure of the equations (7.5) it is seen that the matrices S33 and Sss
are determined up to arbitrary constant diagonal matrices serving as the constants of
integration. The simplest option seems to annul these constants. But sometimes another
option might be reasonable. For example, to retain the same meaning of the integration
constant as in (7.36) one should put

15 A
Sssli, i) = ——, (7.38)

01 a;
resulting to

cli,i]=0,  dfii]= E (7.39)

01 673
The expressions (6.5) and (7.38) are in complete correspondence with (7.36).
The matrices K L K’ L’ M and M " of the terms of the order puo are found by

comparing (4.8) and (4. ) w1th (5. 1) and (5.2). The explicit expressions for these matrices
are given in the Appendix. These matrices are of particular interest for investigating of
the secular system. Based on (7.3) the general formula

6 N

Gm/[ivj] Qnu { ] + Z (Qfﬂ/\ Z k S/\V k .7] - _S/{)\[ k]G)\y[k j]) (740)
A=1k=

[y

involves

E

gnu[ihﬂ :gﬁ’/[i’j] + Z

(Qm)\[iv k] gAV[k7j] + QI{)\[i7 k] SAV[kvj]_
= 01 10

1 10

B
I

_ Ik Sealis k] Gk, ] — — SH)\[Z K] GAV[k J]) (7.41)

n; 10 01 n; o1
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By substituting the terms of the order p from the Newtonian theory and the terms of the
order o and po by presented here algorithms one gets the matrix (G33. More specifically,
11

Gasli,j] = Quasli, gl 177 (7.42)

and

. . A . 15 .. D .
§33 [4,4] = Q33li, 7] + — (—6 Qs21,1] + 5 Qssli, 0] — 3 Q34,7 —

15
- 2523 [27Z] + 5) S43[i7 7’] - 7 G;S[ZJ]) . (743)

For determining (G55 it is sufficient to take into account only the first term in the right—
11

hand member (7.41) coinciding with @55 from (4.30). In contrast to the Newtonian theory
these matrices are not real.

8. Conclusion

This paper presents two techniques to determine the relativistic planetary perturba-
tions in the theories of motion of the major planets. The first technique is of practical
orientation enabling one to find by iterations the relativistic terms caused by perturbing
planetary actions (direct and indirect) in the form used in the classical theories of motion.
In particular, this technique may permit to complement the VSOP theories of the major
planets by taking into account the relativistic direct planetary perturbations. The second
technique extends the general planetary theory for the relativistic problem of planetary
motions. This technique involves the separation of the terms dependent on fast chang-
ing variables (the mean longitudes of the planets) and the terms describing the secular
evolution of the planetary orbits. The algorithms are developed to compute the main rela-
tivistic planetary perturbations not dependent on the eccentricities and inclinations as well
as the relativistic terms in the matrices of the secular system. The actual computations
and further theoretical investigation of the secular system remain to be performed in the
future.

Originally this paper was published in Russian (Brumberg, 1999) without Appendix.
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Appendix

This Appendix contains in (A.1)—-(A.17) the coefficients of the right-hand members of
section 5 and in (A.18)—(A.29) the matrices of section 7 needed to construct the secular
system taking into account the terms of the order uo.

n? 7a? la n
Az =—= i ——5 —— 1_4_1 ?
001 Z/i +nljz#iﬁjj|i2j+4a?+8a?( nJ)CJ+
3a ni\ ._ 6 7a3\ a;(a; — a;Cyj)
DRy 1 2 J S A B SO L Al
i ?( j)gj4_ﬁm_%( 4“?) A , -
Aioos =2_"Kii + 5 > kiinga;Gij, (A.2)
‘ v
1 21a? 3a 1a, n 21a3 1
A; = sCit o= 1+8— ¢ — ==
05t nlﬂ”{Q] 4a§’ 8a§<y+8a?( + nj) R 4a§’Aij+
7 a3 aj(a; %@1) A3
j ij
n; _
Aiojz = ?"fjjnjajgijl ; (A.4)
A 7n‘?—|—[<3n2+5n2>a <2n —l—gn )na( ] di +
ij01 = — i T g lhy 4 T v Tty JTi RN | AT
ia; 2" 1 A3
3 2“?“? 2 _ 4 3ai(a; — a;(j) 3n2 L 9\ o 2 2
T ST TR Mgy ) Tt
1 5 ,aia? _
+ <2ni + an>njaiaj (Cij +¢550) — gnJQ A?.J ( 3] + sz — 2)], (A.5)
ij
a’? a;a;
Aijos = HEA—S — 2n;n; A—;;ng ) (A.6)
i iJ

215 nZ 19 5, 3 45, 3,
Aijjl = — ZCL_Z + GA; + bnjaj — anai + gnjaiaj@j—

15 a1 3
_ (QTLZ + g)njaiajgj :|A_§] —+ Zn

3aj(a; —ai(;;') 1 _
ij
1 5 ,aia3
+ 3n?a? — 571?&? — n?a? — gnf AQJ ( Z + Ci;Q — 2)], (A.7)
ij
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2

aj a;a; a; — a;Gi;
iy _J '} 270 79 (=2
Aigia = 2] A3 Sy G+ ” 4% TTAS (657 =1).

Bioo1 = 1a 2 Z/‘ijgnjaj (Czy 3@] )7
vl
1
Bioos = SIS
1

1
Bioj1 = 2a2 “Jyny%@'j )

Biojz = % 2’“%3”3%% )
aza 3 3Clz( a;Giz)
Bz’jOl A?’]( n; — )|: CZ] 2 A?j] J (z] <¢] )];
. ai(ai —a'§¢~)
Bijos = —2in,——52>=
AZ

. aia- 3 _ 3aj(a; — az‘Ci_'l)
ij

)

-1
ajla; — a;C;:
BUJ?,:—§ITLJ .7( J ZCZ] )
2 A%,

One may add therewith the relations of conjugation

Ajoo2 = Ajoor, Aioos = —Aiooz, Aioje = Aioj1, Aioja = —Aiosa,
Ajjoz = Aijor, Aijoa = —Aijos, Aijjo = Aijjr, Aijja = —Aijjs,
Bioo2 = Bioo1 s Biooa = —Bioos, Bioj2 = Bioj1, Bioja = —Bioj3,

Bijo2 = Bijo1, Bijoa = —Bijos, Bijje = Bijji, Bijja = —Bijjz.

3 Ar21 1 .
Kii = — -(p§0> + QEO)) + = [— (p§°) + qﬁo)) +— (31%( - qi(o))—
11 4 \11 11 a; 10 10 21nZ 10

4 10
ij ij Qg (ij i
- Z Kjj <21/’§0‘70)000 + gljo)ooo + . §0J1)000 gojo)moﬂ
J#i
A
* P{_A;‘o(o) — ki Ay —ini(By® + miu B+
. n; (0) _ i 5
+ Aioo1 +1niBioo1 + 9"611‘; + Z Kjj |:_A7;j —in;B;;"+
b g

a; ) a; .
+ (1 — a—J_Qij1>Aij01 + 1<m - njﬁC¢j1>Bij01] }>

(2 (2
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(A.10)

(A.11)
(A.12)

(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)



A . . @ (i A
Kij =— —Kjj (w%]l)OOO + w(()zljl)OOO + 2__1@&)]2)000 + w(()z)]1)100> —3 {Aioj 1t
11 a; a; n;
w

+ iniBiojl + Kjj |:— (Aég A(0)> inj (Bég) B(O)> a_JCZ;1+

n? .
+ 9a—j§51 + <1 — %Cigl)Aijjl + 1<nz —n; Zj ”1>Bz’jj1:| }, (Alg)

3 Ar3 3 /.
Lis = <p(°) +5 q(o)) + = [ <7p§°) 11 q§°)> +— (pi( nt ql(°)>
11 4 a; L4\ 10 10 21n; \1o 10

i ij a;  (ij i
- Z Kjj ( §1j0)000 + 2¢(()230)000 + ;w(()ﬂ)ooo + w((njo)mo)]
i I

A . ’n2 a;
+ E{Ai002 +in;Bigo2 + 9l<&iz'@% + Z [(1 - ﬁCij1>Aij02+

; i Y 7
7 V)

+i(ni - an—Zgi;1>Bij02] } (A4.20)

A .. .. a. .. a. ..
Lij = — _,"fjj< 52)]0)100 + @b(()zfo)mo + _1,7»[’(()?)]1)100 + 2%%%200) +
11 a; a; a;

A ) n3 _ a; .
+ F{AiOJQ +in;Biojo + Kjj |:9a_J'Cij1 + (1 - a_J'Cijl)Aijﬂ‘f'
K3

7 (2

+ifn, _njjl_jgif)%z]}, (4.21)

A 4 . 2 N
K== (3 P4 = p, 04 = “”) {— in (Bm(o) + IiiiB(()g)>+

473 10 175 10 1’I‘LZ 10 TL12
7 . (0)
+ inzz o, + Aioos +1n;Bioos + Zfﬂjg [ in;B;;"+
J#1
aj —1 . aj —1
+ < — G )AijOB + 1(”1’ — NG )Bij03} }, (A.22)
A . . 0 0
}1(;/1-]- :—E{Aiojg—f—lniBiojg—f—lijj [—1nj(B( ) B( )) le—f—
2

T™T™ni 4 a; . . a;
+§ﬁ<ij +<1_a_z Z.].1)141_3‘].3+1<m—nj az ”1>Bijj3]}, (A.23)

(2
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11 a_z 10 17510 i 2 7
>k 1- YN Ayion +i(ns —n; 21 By A.24
+ Kjj a.Cij ijoa + 1| 1y nga.Qj 504 | (> (A.24)
i ! ’

2
oA N PR N SR PER i
sz _n2 AZO]4+1nZBZOj4+K‘ + (1 g Aljj4+
%

11 2 a; a; i a; v
: aj 1
+ 1(ni — nj; ij )Bijj4] }, (A25)
3 3 1 .
Mo =2 (p0 4 a®) = A3 (0 1 @) 4 (50 - g, 0)
11 2 a; 2 10 17, \10 10
ij ij Qg (i i
+ Z Rjj (‘9§0J0)00—1 + ‘9(()1jo)00—1 + ;9(()0]1)00 (I 980]0)10 1)]
i j
A (w0 (0) (0)
- (A + i Ay, + > KA ) (4.26)
! J#i
A 7 % a; (3 a; (3
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The coefficients §57* ™) occurring in (A.26) and (A.27) and associated with the ex-

pansion of the Newtonian right-hand members W; of (4.5) may be easily computed (like
C(,ij ;klrsmt)) with the aid of the hypergeometric series. The general algorithm for their

computation is given by (10.2.6), (6.2.60), (6.2.51) and (2.3.4) of (Brumberg, 1995).
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